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ABSTRACT: Further properties of a recently proposed higher order infinite spin particle
model are derived. Infinitely many classically equivalent but different Hamiltonian formu-
lations are shown to exist. This leads to a condition of uniqueness in the quantization
process. A consistent covariant quantization is shown to exist. Also a recently proposed
supersymmetric version for half-odd integer spins is quantized.

A general algorithm to derive gauge invariances of higher order Lagrangians is given and
applied to the infinite spin particle model, and to a new higher order model for a spinning
particle which is proposed here, as well as to a previously given higher order rigid particle

model. The latter two models are also covariantly quantized.
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1. Introduction

Lagrangian theories with higher order derivatives are plagued by several problems within
quantum theory. The common wisdom is that one either has an energy with no ground
level or unphysical ghosts in the spectrum. (However, ways out have been suggested [il,
Pl.) We expect the situation for higher order gauge theories to be better. Particularly
for reparametrization invariant theories with a vanishing Hamiltonian. Indeed, recently
Savvidy [ (see also []-[]) has e.g. given a higher order string model which at least at
the free level seems to lead to a consistent quantum theory. In a recent paper [ we have
together with Per Salomonson given a higher order model for a free infinite spin particle
from Wigner’s continuous spin representation which we believe should be consistent at the
quantum level. Although it remains a lot to do it seems as if there is still hope for the
possibility of a fully fledged consistent interacting higher order quantum theory.

In [[f] we derived a higher order particle model from Wigner’s continuous spin repre-
sentation, also called the infinite spin representation or Wigner’s Z-representation [§—[L(].
(The continuous spin representation is also considered in [§, [[]-[J].) By means of the
standard Ostrogradski method [[4] we constructed a Hamiltonian formulation by means of
which we quantized the theory by a generalized Gupta-Bleuler method. However, although
the result contained fields with arbitrary large spins it was not so easily interpreted due
to the presence of a dynamical einbein variable. Here we show that this Gupta-Bleuler
method is inconsistent with a uniqueness condition proposed here. Instead we give what
we think is the correct, consistent covariant quantization.

In this communication we also throw more light on the quantization procedure of
higher order (gauge) theories in general. In order to quantize a higher order Lagrangian
theory we must at present be able to reformulate it as a standard Hamilton (Dirac) theory.
Ostrogradski’s old method [[[4] is the standard procedure and is best formulated as a
procedure to rewrite the higher order Lagrangian by means of auxiliary variables introduced
by means of Lagrange multipliers [, [§]. This equivalent first order Lagrangian may then
be transformed into a Hamiltonian formulation in the usual sense, or to be more precise in
the sense of Dirac’s treatment of singular Lagrangians [17]. It has been pointed out that
this procedure may be applied to any higher order Lagrangian, regular or singular [Lg].
This is true. However, this procedure is ambiguous since a higher order Lagrangian may
be rewritten as a first order one by means of auxiliary variables that may be defined in
many different ways. In particular, we are not bound to follow Ostrogradski’s suggestion.
(An early general departure is given in [19].) For the higher order infinite spin particle
model we explicitly construct an infinite set of different first order Lagrangians in this way.
Although the corresponding Hamiltonian formulations are different they are all consistent
with Wigner’s continuous spin representation. However, their differences imply in principle
different quantizations. In fact, for the infinite spin particle we find that the Gupta-
Bleuler method used for the Ostrogradski formulation in [{] does not apply to the other
formulations. Instead, we give here a consistent solution for a Dirac quantization which
yields the same physical result for all formulations considered. Classically the different
Hamiltonian formulations are related by canonical transformations and are equivalent.



We also formulate a general procedure to derive the gauge invariances of higher order
gauge theories by means of the inverse Noether theorem. This procedure is based on
a Hamiltonian formulation (cf [R{]) and for the infinite spin particle model we explicitly
demonstrate that the same result is obtained irrespective of which Hamiltonian formulation
is used.

We also propose a new higher order particle model consistent with the reducible,
massless higher spin representation. We analyze its constraint structure and derive its
gauge invariances as well as propose a covariant quantization.

In appendix ] we also analyze the classical properties of a related rigid particle
model 1] which we also covariantly quantize in the text. In appendix [B] we finally formu-
late our classical procedures and quantum conditions in more general terms.

2. Generalized derivation of the higher order model for the infinite spin
particle

When Wigner [§, B classified representations of the Poincaré group, he investigated the
two Poincaré invariants p,p" and w,w" where w" is the Pauli-Lubanski vector defined by

e"Po My, ppe, (2.1)

DO =

wh =

where m,,,, and p,, are the Poincaré generators and e#"#? the totally antisymmetric tensor.
If p,, is the four momentum of the particle, p,pt is minus the mass squared (p? = —m?)
for our choice of spacelike Minkowski metric. For irreducible representations we have then
w? = m?s(s + 1), where s is the spin of the particle. For massless particles Wigner showed
that apart from the natural representations, p?> = w? = 0, there are representations for
which p? = 0 but w? = =2, where Z is a real, positive constant. These representations were
called the continuous spin representation in [fJ] and the infinite spin representation in [[[].
Wigner showed that it contains all helicities from —oco to co. In [[] two representations
were given in terms of covariant field equations: one for integer spins denoted 0(Z), and
one for half-odd integer spins denoted 0/(Z).

Wigner’s E-representation is a massless representation with p? = 0 and wywh = =2,
In quantum theory these constraints may be formulated in terms of operators acting on a
physical state |phys) as follows (Dirac quantization)

p?|phys) = 0,
— 0.

(wuw! — Z2)[phys) (2:2)

Following Wigner we let the particle be described in terms of the coordinates x# with
conjugate momenta p,, and an internal vector * with conjugate momenta m,. These
coordinates obey the commutation relations (the non-zero part):

(=", p] =10y, [€F,m] =idy. (2.3)

In [, B, [[0] the conditions in (R.3) were solved by means of two minimal sets of elemen-
tary constraints. They are x;|phys) = 0, Vi = 1,2, 3,4, where either (the notation is in



accordance with [[f] except for the sign of x3 in (R.4))

1 2 1 2 2
X1 =5p% X2:§(7T - F?),
Xs=-—p:m xa=p-{—% (2.4)
or
1 2 1 2 2
X1:§p7 X2:§(§ F)7
Xs=p-& Xa=p T (2.5)

F' is a non-zero real constant (It may also be an operator commuting with x#,p,, ", m,.
See next section.)

In [[q the expressions in (R.4) and (R.J) were used to construct reparametrization invari-
ant models for the infinite spin particle through the following ansatz for the Hamiltonian:

H = Xix1+ dax2 + Asxs + Aaxa, (2.6)

where \; are Lagrange multipliers and x; are the classical expressions of (R.4) or (R.3).
The coordinates and momenta are then treated as classical variables satisfying the Poisson

bracket relations

{xuapV} = 557 {Suyﬂ'u} - 55 (27)

In [[] it was then discovered that the corresponding Lagrangians to (.6) (see below)
are different for the choices (B.4) and (2-5) unless the model is embedded into a higher

order theory. This ambiguity is even larger than what follows from (R.4) and (R.5). In fact,
the most general solutions of (R.3) in terms of a minimal set of quadratic constraints are
given by the following constraint variables:

L9

X1 = §p ) X2 = ((a§ - bﬂ—)2 - F2)7

(p-m) =%, (@#0),
. (b#0),
where a, b, and F are arbitrary real constants (a # 0 and/or b # 0; F' # 0). The choices

(.4) and (B.5) are the special cases a = 0, b = 1 and a = 1, b = 0 in (R.§). Notice that
the constraint variables in (R.§) satisfy the following Lie algebra in terms of the Poisson

DO =

1
X3 =p- (a§ — br), X4={(11 (2.8)
b

bracket (R.7) (we give only the non-zero expressions):

{X27 X4} = X3, {X37 X4} - 2X1 (29)

It follows that the Hamiltonian theory defined by (R.6) is a gauge theory even for the
general choice (R.§). Since (R.6) implies that the Hamiltonian is zero this theory is also
reparametrization invariant. Furthermore, it is Poincaré invariant since y; in (B.§) are
Poincaré invariant (Lorentz’ indices are contracted and x* is not involved in x;). Due to



the parameter dependence in (R.§) we have really an infinite set of theories parametrized
by a, b, and F'.

The general form (R.§) may also be understood in another way. If we perform the
canonical transformation

e — alt —brt, 7t — &t —drt, (2.10)
where ¢ and d are real additional constants satisfying the condition
bc —ad =1, (2.11)

and then insert this transformation into (R.5) we obtain (B.§) apart from x4. Instead of x4
we find

(2.12)

X4 + %X37

depending on whether a or b is nonzero (¢ and d are arbitrary in (R.13) since (R.11) only
determines one of the parameters ¢ and d.) Now the Lie algebra of {x;} and {x1.23, X4}
are identical which means that y, in (R.§) may be replaced by X/ in (R.19) without altering
neither the gauge structure nor the involved constraints.

The constant F' in (R.§) may also be set to one by means of the following canonical
transformations:

1

1
FoFE, mmTms A=

1
Ia Ao, )\3—>F)\3, M—F Ay, (2.13)

accompanied by the redefinition b— F2b. Notice that the total Hamiltonian also involves
the conjugate momenta to the Lagrange multipliers \;.

The Lagrangian corresponding to (.) for whatever choices of y; is obtained from the
Legendre transformation as usual. Here we have

L=p-&+7-&—H. (2.14)

In order to write the Lagrangian in configuration space (i.e. in terms of z and £ only) we
have to eliminate p and 7 through their equations of motion. For the general constraints
(.9) the resulting Lagrangians and their equations of motion will then be parametrized by
a, b, and F. (However, from the above arbitrariness in £ it is clear that there is no natural
physical argument to view any choice of £ as a configuration space coordinate.)

Using the general constraints (2.§) we now look for a simpler theory in which the
Hamiltonian does not contain all four constraints as in (R.6). The only condition is that a
Dirac constraint analysis yields the complete set of constraints. Obviously it suffices that
H contains only the constraints xs and x4 since xyo = 0 requires x3 = 0, and x3 = 0
requires y; = 0 through the Poisson bracket relations (R.9). We consider therefore the
simpler ansatz in which the Hamiltonian is given by (R.4) with \; = 0 and A3 = a4,
where « is a real constant, and where Ay # 0 and Ay # 0 (cf [fl]). (We could equivalently
set A3 = 0 and perform the replacement x4 — x4 + axs in (R.4) (cf x4 in (B.12)).) By



means of the constraints (R.§) we find then through (R.14) the Lagrangians (The simplest
Lagrangian is (R.15) for a = 1,b = 0,a = 0, F = 1, which also was given in [f].)

1 . . 1. (1/(b, 2\ Mo aa

a#0, A= 1o ba, (2.15)
a

or

1 . . 1.1 1. 1.\ 5 5\ M
L"mxﬁ‘“?@((ff‘é) —QF>+?+
a 1 .
-+ — . . 2.1
+<b+ab2>£ &, b#0, a#0 (2.16)

Notice that the last term in both (.I9) and (B-I6) is a total derivative. Due to the presence
of the parameters these Lagrangians are quite ambiguous. However, this ambiguity is
removed if we eliminate £. The equations of motion for £ yields

A 1 b
wo Ay (L) 4 D 2.17
¢ =50 () + 1)
from (R.13), and

- a_ba LIV LY 2.18
¢ =05 ) T (2.18)
from (R.16). Inserting (B.17) into (2.17) yields apart from terms which are total derivatives,

1 1 \\?, 1
L=—(o0.(—i “ g+ ME, 2.19
2A2< (Aﬁ)) Tyt (2.19)

where we also have performed the rescaling, Ao — Xo/F? and Ay — MF, which is what

remains of the transformation (R.13)). The same result is obtained when (R.1§) is inserted
into (R.16). This generalizes the results of [fi] in which we only considered (2.4) and (R.3).
Notice that (R.19) represents a higher order theory. It is reparametrization invariant, and
A4 represents the einbein variable. A general interpretation seems to be that £ by itself
is an ambiguous variable and should not be used as a physical variable in a configuration
space Lagrangian. A unique theory is only obtained after £ is eliminated.

3. Ambiguity in the Hamiltonian formulation

The Lagrangian (R.19) simplifies somewhat if we make use of the inverse einbein variable
e = 1/)\y instead of Ay (cf []). (B-19) becomes then
1 .. 2 1 1_

The equation of motion for Ao yields

Ao = 1/ (éd + ei)”, (3.2)



and when this is inserted into (R.19) (choosing positive sign) we get

L=/ (e +ei)’ +-E, (3.3)

[N

which is the simplest form of the higher order Lagrangian for the infinite spin particle.

In order to quantize a higher order theory like any of these, we have to consider a
Hamiltonian formulation. The standard way to do this is to make use of Ostrogradski’s
method [[4] (see also appendix [B). This method requires us to introduce a new variable.
The prescription is

h = b, (3.4)

(We denote the new variable £# although it is different from the &* used before for reasons
explained at the end of this section.) This relation may be imposed by means of a Lagrange
multiplier (see appendix J). The Lagrangians above may therefore be written as

1 . 92 1 1_ .
L= E(eé%—eg) + 5)\2 + Eu%—)\o (z =€), (3.5)

and

L:\/(é§+e$)2+25+)\0-(9’c—§), (3.6)

where )\g is the Lagrange multiplier with a vector index. The theories (B.§) and (B.6)
are now standard singular theories allowing for a Hamiltonian formulation. However, the

expressions for the conjugate momenta to Ag and x are

P()\);L =0, Pu = )\O;u (37)

which are primary, second class constraints which may be trivially eliminated. The mod-
els may therefore equivalently be written as (in agreement with Lanczos’ treatment [[[5
(appendix I) )

L 1 (é§+e$)2+%)\2+25+p-(§c—§), (3.8)

T 2h
and
L=y/(e6+e€) + 54 (@&, (3.9)

where the Lagrange multiplier p, is the conjugate momentum to z*. (There is, thus, no
need to define what is conjugate to p.) Notice that any Lagrangian of the form

L=M\-i+ R(no \or x) (3.10)
is equivalent to

L=p-i+ R\ —p). (3.11)



The Hamiltonian formulations of the Lagrangians (B.§) and (B.9) are now straight-
forward. We have the conjugate momenta to £ and e given by

oL e . . e(éfu + eéu)
Ty = — = — (€, +e€,) = ——,
o Az (e + e€)?
BRI ) -
¢ 2 V (é€ + e€)?
and the Hamiltonians
H=pi+tr &+we—L
:{p-ﬁ—%+§7€(ﬂ2—62), (313)
p-§— =
The Lagrangian (B.§) yields the primary constraints
P2:Oa X5:7T'£—w€: ) (314)

where P, is the conjugate momentum to . From (B.9) we find on the other hand the

primary constraints
L o o
X2:§(7T —e*)=0, xs=m-&—we=0. (3.15)

Dirac’s consistency conditions yield then the complete set of constraints, y; = 0, where

1
2 2=§(w2—62), X3 =—p-m,

) X5 =T" 5 — we, (316)

X1 =

<

)

1
2P
p.

o | 1]

X4=p-§

which is consistent with (R.4) for the infinite spin particle. (The Lagrangian (B.§) yields
in addition P, = 0.) This theory was used as a starting point for the quantization in [f].
Notice that the above models are gauge theories since the Poisson algebra of x1,...,Xxs
satisfy a Lie algebra (see [f]).

It is obvious from the way we have obtained the forms (B.§) and (B.9) that Ostrograd-
ski’s formulation is not a unique procedure to rewrite a higher order model as a first order
one. For instance, a much simpler Lagrangian than (B.9) is obtained if we define the new

variable by
et =eit (3.17)

in (B.3). In this case the previous procedure leads to the Lagrangian

L:\/§+§+p-<¢—§>, (3.18)

1]



which also is equivalent to (B.3)). This Lagrangian yields the primary constraints

w=0, x2==(r"—1), (3.19)

N |

and the Hamiltonian
1 -
H:E(p-f—:). (3.20)

Dirac’s consistency conditions yield then the constraints in (B.4) with F' = 1 together with
the trivial one, w = 0. Remark: (E) with arbitrary F' is obtained if we had replaced e by
eF in (B.3). (F was removed by (R.13) in the derivation of (B.J). This we have to undo

(M =1/e).)

The Hamiltonian formulations of (B.1) and (B.3) are obviously not unique. In fact,
even the models in the previous section may be obtained by rewriting the higher order
models as first order ones. By means of the relation (R.17) for & we may rewrite (B.1]) or
equivalently (R.19) as follows: ()\g is a Lagrange multiplier with a vector index)

1 S| _
2)\2< <§——>> +§)\2+)\4:+
o (g+ 4y ( N )—Aim) (3:21)

which is equivalent to (discarding total derivatives)

2
1 _
L= 2A2<£——> t et AE A
A 1 b
- 2o (= _ 2 22
+Xo - & )\4({97<)\2)\0> T )\4)\0 T, (3.22)

which does not contain higher derivatives. A9 may then be removed by means of the
equations of motion for £ which yields

A2 b
w22 en 2
A (5 o > (3.23)

When this is inserted into (B.22)), removing higher derivative terms by partial integration
and then discarding the total derivatives, we end up with (R.15) for F' = 1. Arbitrary F is
then obtained by means of the inverse transformation to (R.13). Here we need

1 1
Suﬁﬁflﬂ )\2—>F2)\2, )\4—>F)\4, (3.24)

and the redefinitions b—b/F?, a— F2a.
Likewise we may make use of (B.1§) to rewrite (B.19) as follows:

Aa 1\ 1 I\ Xf1, 1.
L— - — — = . — - — = - — 2
< & ac) + 2)\2+)\4 + Ao <({97—<)\4$> o <b§ )\4$>>, (3 5)



which is equivalent to (discarding total derivatives)

X (1, 1 N\ 1 1 Y 1, 1
L=—7F-¢(— — = E——0 N T — =X |- —2x). 2
507 <b£ )\4:c> + 2)\2 + M )\4(9 Ao+ & " Ao b£ )\456 (3.26)
The equation of motion for £ yields here
1/1 1
B = Zep S 2
o a<b§ )\4x >, (3.27)

which when inserted into (B.26) yields (R.16) for F' = 1 apart from terms which are total
derivatives. Arbitrary F' is obtained by the transformation (B.24) and the redefinitions
b—>b/F2, a—F?a.

What we have presented here (and in appendix [B]) is a considerable generalization of
Ostrogradki’s method. It only requires the new variables to be defined in such a way that
they together with appropriate Lagrange multipliers allow us to rewrite the original higher
order Lagrangian as a Lagrangian with no higher order derivatives.

4. Gauge invariance

The gauge transformations for any specific gauge model may always be obtained by means
of the inverse Noether theorem. Using the Hamiltonian formulation we first make a general
ansatz for the general gauge generator as a linear expression in the first class constraints:

G = an®n, + Bixi, (41)

where ®,, = 0 are the primary constraints, and x; = 0 the secondary and higher con-
straints with respect to the corresponding first order Lagrangian. «,, and (; are arbitrary
infinitesimal gauge parameter functions. The general condition is

Gle,—0 =0, (4.2)

where the time evolution of y; is determined by the total Hamiltonian. The original
Lagrangian is then invariant under the gauge transformations

§F = {F, G, (4.3)

where all variables not involved in the Lagrangian are removed by their equations of motion
after calculating the Poisson bracket.

By means of this general method it is straight-forward to construct the gauge transfor-
mations of the first order models (B.§), (B.9), (B.1§), (B.17) and (.16). In fact, this general
method also determines the gauge invariances of the equivalent higher order models (2.19),
(B.1) and (B.3)) as will be shown in the next section. In the latter case one may start from
any of the first order forms treated here, i.e. one may start from any of its Hamiltonian
formulations.

,10,



4.1 Model (B.§)

Here the above rules yield a general gauge generator which depends on two independent
parameters, 81 and (4. The total Hamiltonian is Hiot = H + co P> + Asx5 where H is given
in (B.13). We have explicitly (A5 = —é/e obtained from the equations of motion is inserted.
P, is the conjugate momentum to Ag.)

1 . A
G =P+ Bix1+ <%5r(€51) + 6—22ﬁ4> X2 —

—%51X3 + Baxsa t+e <ea7' <éﬁ4>>X5, (4.4)

where x; are given in (B.16)), and
1 )
g = 5({97— (e@T(eﬂl)) + 87()\2ﬁ4). (4.5)
The Lagrangian (B.§) is then invariant under the gauge transformations
5)\2 = Qa, 5pu = 07
1. 1 . . e (1 . A2
SEM — Z Bt 1+ _ S N 22 (e€™),
6 =y + et — 06" + 1 (5-0n(elh) + 3201 )or(ee?)
. 1
S = G+ g0, (e€) + it de=—c0r (1), (4.
2
which are obtained from ([l.) using (f.4) and by inserting the equations of motion for .
4.2 Model (B.9)
With the total Hamiltonian Hiot = H + %Xz + A5x5 the general gauge generator is
1 . A2
G = fix1+ <2—65T(€ﬁ1) + e—2ﬁ4> X2 —
1. 1
—5Pxs + Paxate (637(554)> X5 (4.7)

where y; are given in (B.16). The Lagrangian (B.9) is therefore gauge invariant under ([L.€)

(without 0A2) with
Ay = 1/ (€€ + €£)2. (4.8)

4.3 Model (B.18)
For Hyot = H 4+ A2x2 + cw (w is the conjugate momentum to e) the above rules yield the

general gauge generator

G = —efaw + Bix1 + (%687(651) + )\zﬁ4> X2 — %6319@, + BaXx4- (4.9)

— 11 —



where x; are given by (R.4) with I/ = 1. This implies that the Lagrangian (B.19) is invariant
under (Ag = /€2 here)

. 1 . 1 .
Ou =0, O = B+ SePut + Seds(ef)

M.
%\‘ =
[\&]

. 1 . £H
o=~ Oxt = Bip + e+ uch. (4.10)

Ve
4.4 Model (R.15)

Both models (P.15) and (R-16) have P, = 0 and P; = 0 as primary constraints. (P, is the
conjugate momentum to A..) x; = 0, i = 1,2,3,4, where x; is given by (R.§) with a # 0,
F =1, and are secondary and higher constraints. The total Hamiltonian for both models is

Hior = Xax2 + adax3 + Aaxa + c2Po + ca Py, (4.11)

where ¢o and ¢4 are arbitrary. The general ansatz ([L.1) yields here the gauge generator (£
and [ are the independent gauge parameters)

. . 1 .
G = BoPo + 4Py + B1x1 — 2—>\461X3 + aBaxs + Baxa, (4.12)

where

1 1 1 .
B2 = " <A2ﬁ4 + 537 (A_461>>' (4.13)

In the model (R.15) x4 is the first expression in (R.§). Following the rules above we
find therefore that the Lagrangian (R.15) is invariant under

5>\2 _62, 6>‘4 2645
8 bAs b 1 . b By .
R N N__ _ B M 7= L H
ox ( &+ AN, (5 >> ! (5 PV > BV

B, b, b
s = én o (5 ﬁl><4x“ &) (1.14)

where 3, is given by (f13).

4.5 Model (R.16)
The general gauge generator is here given by ([.1J) except that x4 here is given by the last

expression in (2.§). Following the rules above we find therefore that the Lagrangian (2.16)
is invariant under

SXg = Pa, Ay = [,

B BrA2 B Ba .
ot ==t <a2)\4 * 2@)\4> (74 B _§M> N
bo[1 1 bA 1
se — —562<A—4:w - 55“) + D D0 (74 . —5“) (4.15)

where (35 is given by (f.13).

- 12 —



5. Invariant properties of the higher order models of the infinite spin
particle

We give here some of the properties of the equivalent higher order models (.19), (B.1)
and (B.3). They may be obtained from any of the treated first order forms which we have
considered using the generalized Ostrogradski method as formulated at the end of section
or in appendix B.

The four momentum is

1 .
Py = —e0- <)\—237 (emu)> (5.1)
for the model (B.1)) or identically (R.19) (e = 1/\4), and
Or (ed
pu=—e0 Y, Y, = M (5.2)

(0- (e2))’

for the equivalent model (B.J). These expressions may be obtained from the general formula

0L OL

Py = @ - 7%
However, the expression (f.1]) may also be obtained from (R.If) or (.16) using the stan-
dard definition p, = OL/0&* and then inserting the appropriate expression for {. The
expressions (b.1) and (5.g) may also be obtained from (B.§), and (B.9), (B.18) respectively
using the equations for ¢ and then inserting the appropriate expressions for £. (5.9) follows
from (5.1]) when one inserts the expression (f.§) for \s.

The Lagrangians (B.1]) and (B.3) yield the equations of motion

(5.3)

o |1

pp=0, -p——=0, (5.4)
from the variations of z and e respectively (p is given by (b.1)) or (5.9)). These equations
imply

(éi +ex) - p=0, = p*=0. (5.5)
(In general these equations imply that the particle moves faster than light [f].)

The gauge invariance of the model (B.1) or (B.19) with Ay = 1/e is obtained from any
of the models (2.1§), (B.1q) and (B.§) by inserting the appropriate expressions for £ in the

results ({14), (15) and ({.§). The unique answer is (34 has to be redefined in ([.4):
Ba—efs)
: . 1 :
be =—€*By, Oha= [, [2=eXfs+ 5657(651)7

1 . e/ . .
ort = —e(10; <)\—23¢ (em“)) -+ 2—)\;37 (ew“) + ey 3t (5.6)

Indeed, we find

6L = 0,f, f=eBsl+ R(B1),
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1 : 1 .
R(Br) = Sed-(ef)(1 — V?) + 5eaT(eﬁl)YQ —ed, (e)Y -0, Y +
+e261Y - 0. Y — 2B - %Y + %e%(ay)?, YH = %287(656“), (5.7)

for the Lagrangian (B.1]) using (.6).
The gauge invariance of the model (B.J) may be obtained from any of the five first

order forms we have considered. The Lagrangian (B.J) is invariant under (84—, in the
gauge transformations of the models (B.§) and (B.9))

1 .
oxt = —e10.YH + geﬂlY“ + Brext, (5.8)
de = —62B4, (5.9)
where now Y* is given in (5.9). ((5.9) follows also from (f.6) and ([.§).) Indeed, we find
1 3 5
SL=20,f, f= 5eaT(eﬁl) - 5ezﬁly CO%Y +efyL (5.10)

for the Lagrangian (B.3J) using (5.9). The same result is obtained by replacing Y* in (F.7)

by (B-2).

The invariance which is parametrized by S4 is the reparametrization invariance of the
actions (B.1]) and (B.3). Notice that the Lagrangian for the standard free, massive particle,

1 2
L= e - % (z —m —:i:2), (5.11)
is invariant under
de = —€2fy, Oxt =efyit — 6L = O,(efsL). (5.12)

6. A new higher order particle model

In [[J] we proposed a Hamiltonian gauge theory for a spinning particle in the standard
massless representation p?> = 0 and w? = 0. There it was called the extended free = =
model, and we did not find any higher order Lagrangian model there. However, now we
have arrived at the following suggestion

L =uy/ (0, (ei))? — in/(ed)?, (6.1)

where u is an additional variable to x and the inverse einbein e. This Lagrangian may
equivalently be written as (the notation is in accordance with [[])

1 1 1 1
- 2—)\2(8T(ejc))2 + S’ = i — S hs(ed), (6.2)

L
28 2

The equivalence between (6.1]) and (f.9) restricts Ao, As,u, and @ to be e.g. positive since
only then may (f.9) yield the following equations for Ay and As:

Ag = % (0-(e2))?, A= , (6.3)
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which when inserted back into (f.9) reproduces (6.1)). Notice that this particle must move
faster than light (see also [[]). However, its exact properties we do not know. The following
formal properties are anyway valid.

The four momentum using the general formula (f.3) acquires the following equivalent

forms from (B.1) and (f.9)

1
pu = —€* Ny, — €0 (A—(@T(egicu))7
2

. udr(ed,) '\  eudy
Pu = 3T< (37(63'6))2) T (6.4)

The Lagrangians (f.1) and (f.3) yield furthermore the equations
Pp=0, z-p=0, (6.5)

from the variations of z and e. The variation of u yields in addition

1
e/ (ed)2 — /(07 (ex))2 =0 & 0, (A—u> — Xou = 0. (6.6)
8
Notice that the equations in (f.5) using the expressions (6.4) imply p? = 0.

6.1 First order forms

The simplest first order forms of (B.1]) and (6.9) are

L:u\/g'?—u\/?w-(:b—és), (6.7)

and
1 1 . 1 1 1
L=p-(&— -8+ =&+ = u® — —0% — &> 6.8
p- (& 65)4'2)\25 + Jhau T3 8€ (6.8)
The Hamiltonians from (p.7) and (f.§) are
1 1
H="p-& H =—p-&+daxa + Asxs, (6.9)
respectively, where
Ll _ L2 p 6.10
X2_2(7T u)a X8—2(£ u) ( : )

Model (b.7) has the primary constraints w = 0 (w is the conjugate momentum to ), y2 = 0,
and yg = 0, and the secondary and higher constraints are

1,
X1:§p7 X3 =—p-m,
xa=p-&  xs=7-&— P, (6.11)

Model (.§) has the primary constraints w = 0, P, = 0, and Py = 0, where w is the
conjugate momentum to e, and where P, and Ps are the conjugate momenta to Ao, and
\g, respectively. The secondary and higher constraints are then (6.10) and (6.11).
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6.2 Gauge invariances

The gauge invariances of the models (B.1]) and (.2) are obtained from the inverse Noether
theorem as formulated in section f] and appendix [J. It suffices to calculate the gauge
invariance of the first order form (f.§). All the other gauge invariances follow then directly.
For (6.§) we make the following ansatz for the general gauge generator

G = auw + Py + ag Py + Bix1 + Baxa + B3x3 + Baxa + BsX5 + BeXs- (6.12)

The condition G = 0 leaves then only three independent parameters; 31, 34, and S5. For
the other parameters in the ansatz (.19) we find

1 . . .
oy = 563)\8ﬁ1 — By +efs, az =+ 2\afs,
. el . 1 .
ag = fBs — 22805, Pz = —0-(ef1) + eXsfBs — — s,
29 Ao

Ba = eXafy + %657(651)7 B3 = —%eﬁl- (6.13)

Following the rules of section [} and appendix [ we find that (f.§) is invariant under

1 . .
A2 = g, OXg=ag, de= 563)\8ﬁ1 —e*By + efs,

et

ou = 2—)\237(6@) + ety — ufs — F}\Sﬁ&
1 . .. .
o = 0, 3" = Sefip + iweﬂl)sﬂ +eBaé! + BsE",
1 . .
ozt = Bip*t + Keﬁlf‘u + B4§ﬂa (6'14)
2

where ay and ag are given in (.13).

This results implies that (6.J) is invariant under (6.14) removing ép* and §¢#, and
replacing dz* by (inserting £ = ez and replacing p by the second equation in (.4), since
(6-2) does not involve £ and p)

Sxt = —e?Bi Mgi” — €310, <>\i87(ejc“)> — %eﬂl %87(656“) + efyit. (6.15)
2 2

The result (B.14) also implies that (6.7) is invariant under (5.14) with d\2, and d)g
removed, and by inserting the expressions (f.3) in the remaining transformations.
Finally we find that ([.]) is invariant under the following gauge transformations

P 1 .
oxt = —efy <8T(UY“) + U\g/c——> + eyt + §eﬂ1uY“,

12

. 1 1 .
e = "By + efs + seti—=0h,
2" /32

Vi2

ou = —ufs + efatt — euL.ﬁg + d-(ef3), (6.16)
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9, (ei™)

where Y# = -
(Or (ed))?

. In fact, we find

eui?

OL =08, =R+ efil + s s
Y.jg> efuid - 0:Y

Vi? Vi?

R(3) = —6 u?(0;Y)?B1 + Bri’e <1+ B —

1, . Y-i\ 1 euinVi? S B
—5¢ ut B <1 + \/ﬁ) —3 @ (ej:))QaT(eﬁl) + Feu O-(efr) —

—Breud,(euw) — \/ (ex) ﬁle u0; (\/x_2>x Y. (6.17)

7. Covariant quantizations

That there exist infinitely many different Hamiltonian formulations for a given higher order
Lagrangian of the infinite spin particle has severe implications for the quantization, and
also for the quantization of any higher order model. The ambiguity in the Hamiltonian
formulation should not be reflected in any ambiguity in the quantum theory what regards
its physical results. Thus, firstly, in order to have a unique quantization procedure the
quantum properties most be insensitive to the differences in the Hamiltonian formulations.
For the infinite spin particle this requires the quantum theory to be independent of how
the auxiliary variable is defined and introduced to rewrite the theory as a first order one
with a Hamiltonian formulation. Secondly, the quantum theory is not allowed to depend
on the difference in the gauge algebra in the various Hamiltonian formulations.

7.1 Covariant quantization of the infinite spin particle

In [[i] we proposed a Gupta-Bleuler quantization of the constraints obtained from the Os-
trogradski formulation of the higher order model since we did not find any solution to their
Dirac quantization. However, apart from leaving us with difficulties with the interpretation
due to the presence of a dynamical einbein variable, we see now that none of the other
Hamiltonian formulations yield constraints that allow for such a Gupta-Bleuler procedure.
This procedure can therefore not be the right one here. Although the quantization problem
should be analysed within the general BRST quantization we show below that a simple
Dirac quantization has a consistent solution after all.

7.1.1 Covariant quantization within the Ostrogradski formulation

The Ostrogradski formulation of the infinite spin particle model we considered in section [
and in [[f. The constraints are here given by (B.1§) and (B.16). The Dirac quantization
within the wave function representation is then given by the equations:

LU =0, i=1,234,5, (7.1)

where y; are the corresponding hermitian operator expressions of x;. Explicitly we have
(we prefer to consider the wave function ¥ in momentum space)

P*U(pe,&) =0, (9 +¢e*)V(p,e,§) =0, p-V(p,e &) =0,
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= 3
<p£_ g)‘ll(paeag) :Oa (585—6864—5)\1/(19,6,5) = 0. (72)
The last equation has the solution

U(p, e, &) = e3d(p, e€). (7.3)

In [[{] we showed that there is no solution of ([7.J) which may be Taylor expanded in &.
Therefore, we propose now the following solution of the second to last condition in (F.9)
(suggested by the treatment in [[[J]):

O(p, eg) = d(ep - & — E)o(p, €f). (7.4)
Then we try a solution in which ¢(p, ef) may be Taylor expanded in &:
$(p &) = > _ du(p,€f), (7.5)

where ¢, is of order n in powers of & with coefficients which are symmetric tensor fields of
order n. We find now (w* = e&H)

PPB=0 o pPPo=0 < p’6, =0 = ¢u(p,w) = 6(p*)un(p,w).
(7.6)

P-0w®=0 = p-0uwd=0 < p-Oud, =0, (7.7)

where the first implication follows due to the factor d(p®) in ([-6). This condition is
equivalent to the Lorentz’ conditions on the symmetric tensor fields. Finally we have

<03+1>q>:0 = <03+1>¢:o, (7.8)

since
oz, (5(1? W — E)¢> = §"p’¢+20'p - Do + 003¢ = 60,6 (7.9)

due to (7.§) and ([.7). The condition (7.§) is not the conventional traceless conditions for
massless tensor fields. Instead, (F.§) couples all tensor fields to each others which then
seems to be a typical ingredient of the continuous spin representation. (In [[[3] an explicit
solution of (7.§) is given.)

7.1.2 Covariant quantization within the framework of (B.1§)

From the first order form (B.1§) we obtain a Hamiltonian formulation with different forms
of the constraints than those from the Ostrogradski formulation. The Dirac quantization
is here given by ([[.J]) where x; is the corresponding hermitian operators to x; with F' =1
in (4) for i =1,2,3,4, and where x5 = w, where w is the conjugate momentum to e. We
have

OO = —id U =0 = U(p,e &) = D(p,&). (7.10)

Obviously x;® = 0 are exactly the same equations which ®(p,w) in ([.3) satisfies. Hence,
the quantizations of (B.6) and (B.1§) leads to the same results. Notice that the argument
w in subsection and ¢ here both are equal to ex.
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Remark. If we use (2.4) with F arbitrary in the Dirac quantization we get the same
equation with the variable w = F¢. If we set ®'(p,£) = ®(p, FE) then we get instead of

@3
(0 + F*) @ =0. (7.11)

Notice that these equations are obtained if we had replaced e by eF' in the original action
(B-3). Hence, F¢ is the same physical variable as before (ed).

The transition to standard massless higher spin equations are formally obtained in the
limit F'—0, Z—0 such that Z/F—0. (It is obviously singular since ®'(p,&) = ®(p, F§) for
fized function ® yields no tensor fields at all.)

7.1.3 Covariant quantization within the framework of (Ela) and (m)

The quantizations of the first order forms (P.15) and (P-16) leads to Hamiltonian formula-
tions with the constraints (R.§) and w = 0. However, since we have shown in section [ that

(B.9) is canonically equivalent to (R.4) up to terms that the Dirac quantization is insensitive
to, we obtain here a solution which is unitary equivalent to the previous one ®(p, w).
7.2 Covariant quantization of the supersymmetric infinite spin particle model

In section [ of [[f] we constructed a supersymmetric higher order particle model for Wigner’s
Z-representation for half-odd integer spins. When formulated as a first order theory in
Ostrogradski form it gives rise to a Hamiltonian theory with seven constraints, namely
those in (B.19) and (B.16), and xs = x7 = 0 where

X6 =p ¢, Xr=7-¢+ed, (7.12)

where ¥* and 6 are odd Grassmann variables satisfying the Poisson algebra (4.8) in [f.
No consistent Gupta-Bleuler quantization was found in [[f]. Here we find a consistent Dirac
quantization in line with the previous treatments. Apart from the conditions ([-]) we have
then also

XG\I/ = 07 X7\II = 07 (713)
which are equivalent to
py¥ =0, (=iv-0y+p)¥ =0, (7.14)

where w = e£ and where v* and p are hermitian matrices satisfying the anticommutation
relations

A =20 lpople = =2, [p, "]+ =0. (7.15)

These matrices must at least be 8 x 8, which means that ¥ must be an 8-spinor. If we choose
to represent y* as standard 4 x 4 y-matrices and ¥ as two 4-spinors, ¥ = (11, 12), then
(7.14) may be written as (these equations were also given in [[J] derived in a completely
different way)

p-yr2 =0, (7.16)
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=iy - OwtP1 + P2 =0, —iy-Opthy —1P1 = 0.

The solution is given by (F.3), (7.4) and (7.5) where now
1/}1 (p7 ’l,U)
P(p, w) = -
( ) < ¢2 (p’ ZU)
The solution to the Dirac equation ([f.16) is
b12(p,w) = 6(p)p - yur2(p, w),

and assuming the Taylor expansions

¢1 2 p, Z ¢1 2001+ ,u,n )wﬂl o wﬂn’

we find that ([-17) requires

. .
-y ¢1,u,u1---un—1 + T;Z)2;L1---,un—1 - 0,

i~k _ _
Y o — Vipgppn =0,

which is consistent with the condition ([7.§).

7.3 Covariant quantization of the spinning particle model of section [g

(7.17)

(7.18)

(7.19)

(7.20)

(7.21)

The covariant Dirac quantization of the spinning particle model in section f] is given by
the conditions (.1() and (1) for i = 1,2,3,4,5,8, where X; here are given by the corre-
sponding hermitian operator expressions of the constraints in (p.1() and (.11). We have

explicitly (U depends on p, e, u and &)

9V =0, p’¥=0, (F+u’)¥=0,
p-O¥ =0 p- V=0

(S-ag—w?ﬁ;)\lf:o, (& + 00V =

We find
0.¥ =0 s
U =u2d
(5 De — udy + >x11 of ~ u2d(p, u)
and
p- ¥ =0 = @(p,w)=46p w(p,w), w'=u
and

1

2+ =0 < <w2+(w-8w)2 4)(b(p,) 0.
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(7.25)



If we set
o(p,w) = eiimqg(p, w), (7.26)

then the equation ([-25) may be simplified to

(w Oy + %)g@(p,w) = 0. (7.27)

The solution may be written as

Bp.w) = Y 0up 0], 60 w) = Y g D . (729)

n

The condition p?¥ = 0 means that there is a factor 6(p?) in ¢, (p,w). The fourth condition
in ([729) leads to Lorentz conditions:

p- 0¥ =0 & dp-wp- 0uwp(p,w)=0 &
0(p - w)p - Ouwdn(p,w) =0 & PP p,(p) = 0. (7.29)
The last condition in (7.23) yields:

(02 +u*)¥ =0 & (07 +1)d(p-w)p(p,w) =0
& 28 (p-w)p- Owd(p,w) +6(p - w)(95 + 1) (p,w) =0

(p-w)p - Duwd(p
& 20/ (p-w)p- Owd(p,w) + 6(p - )05 d(p,w) =0, (7.30)

where ([.26) is inserted in the last equality. If 92 ¢, = 0 and p- Oy, (p, w) = 0 would have

been allowed then we would have got the standard equations for massless particles with

higher spins. However, inserting (7.2§) into (7.3() we find

25/(1) W) Z(U/Q)_%p “ Owbn(pyw) +

n

+o(p - w) Z(wQ)_%—l <w2330 —n?+ %) on(p,w) =0, (7.31)

n

which we do not know how to solve.

7.4 Covariant quantization of the rigid particle model of appendix [A]

The covariant Dirac quantization of the rigid particle model [RI]] treated in appendix [
is given by the conditions ([7.I]) where ¥; are the hermitian operator expressions of x; in
appendix [Al We have explicitly

a2

PAU(p,€) = 0, (a§+§)w<p,s>=o, POV (p,€) = 0,
p-EU(p.E) =0, (€0 +2)U(p,€) = 0. (7.32)

We solve these conditions step-wise as follows:

p-&¥(p,§) =0 = ¥(p,&) =d(p-&)®(p,§). (7.33)
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The last equation in ([.39) implies then

(€0 +1)®(p, &) =0, (7.34)
which has the solution
n=0 (52) 22
Bulps) = By, (P)EP - (7.35)

The condition p>® = 0 implies ®,....., (p) = (p*) Py, (p). Furthermore, we have
p- 0¥ (p,&) =0 = p-OPn(p,§) =0. (7.36)
The remaining second condition in ([-32) yields finally
O Pn(p,€) =0, (7.37)
and
a=+vn?—1. (7.38)

Conditions ([7.34) and (7.37) (Lorentz condition and tracelessness) together with the Klein-
Gordon equation are the appropriate conditions for massless tensor fields describing integer

spins particles. The quantization condition (7.3§) have nontrivial solutions only for n > 2.
This result almost agrees with the noncovariant result o = n found in [21].

8. Conclusions

In this paper we have revisited the higher order model for the infinite spin particle proposed
and treated in [[f]. In section ] we generalized the derivation of this model. We showed
that the same higher order model also follows from a more general class of elementary
constraints than those considered in [, B, [[d]. This class of constraints were shown to be
allowed by the Poincaré invariants p? = 0, and w? = Z2, and to be first class constraints
in Dirac’s classification. They were also shown to follow from a canonical transformation
of the original simple constraints accompanied by a redefinition of one of the constraints
which neither affects the constraint surface nor the gauge algebra.

We have proposed a general procedure to rewrite a given higher order Lagrangian
as a first order one involving new variables and Lagrange multipliers. Such a first order
Lagrangian has then a Hamiltonian formulation in the generalized Dirac sense. However,
this procedure is not unique which means that there always exist several different Hamil-
tonian formulations to any given higher order Lagrangian, a difference that depends on
how the auxiliary variables are defined. Ostrogradski’s Hamiltonian formulation is only
one choice. For the infinite spin particle model the considered Hamiltonian formulations
differ by canonical transformations together with a reshuffling of the constraints. Even the

gauge algebra was shown to deviate.
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A consistent quantization of a higher order theory requires that the same physical
results must follow from whatever choice of Hamiltonian one starts from. In this sense we
have found a consistent covariant quantization of the infinite spin particle model in the
form of a Dirac quantization. This quantization differs from the proposed quantization
in [[]. (We have also quantized a supersymmetric version of the model proposed in [f.)

We have given a general procedure to derive gauge invariances for any higher order
model. It starts from one of the choices of Hamiltonian formulations and makes use of the
inverse Noether theorem (see appendix E) For the infinite spin particle model we explicitly
verified that the same results follow from all the considered Hamiltonian formulations. This
method is also applied to the rigid particle model given in [R1] in appendix [A], and to a new
higher order model for a spinning particle in the standard massless representation, p? = 0,
w? = 0. (The latter model is proposed here but its possibility was discussed in [ff].) We
have also considered the covariant quantization of these two models.

A. The rigid particle

If we put e = 1 in our infinite spin particle model (B.3) we get the Lagrangian (cf the rigid
particle [R2))

L=Vi2+E. (A.1)

I

In [iJ] this Lagrangian was treated for = = 0 and shown to be connected to Wigner’s
continuous spin representation. Another way to make this Lagrangian reparametrization
invariant is to replace dt by v/—i2dr in which case we get the massive rigid particle model
in [27) (Z leads then to a mass term). However, for 2 = 0 it is massless. Multiplying by
a constant, a, we get then in the massless case the reparametrization invariant Lagrangian

a o —
L= = 2232 — (2 - £)?, (A.2)

which describes a massless particle with spin [R1]. In this reference it was also considered
to be a particle moving faster than light, i.e. #2 > 0. A first order Ostrogradski form of

B2 is

L=gV&e (&2 +p (-6 (A3)
This Lagrangian implies
oL o

T =5 = . .
o efee - (c-ep

by means of which we obtain the Hamiltonian

(e -ec-0). (A.4)

H=p-i+7m-{—L=p-E (A.5)

The expression ([A-4) gives also rise to the primary constraints

2
w=3(7-%) wv-re (A0
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Hence, we have the total Hamiltonian

Hiot = p- &+ Aax2 + Asxs. (A7)
Note that
L,:p'x+77'§_Htot:2—)\2(§_)\5§) + 262 +p- (@ =8 (A.8)

after inserting m = (£ — As€)/\2 obtained from & = {€, Ho }. The Lagrangians (A.J) and
(A-§) are equivalent: Varying A2 and A5 in ([A.§) yields the equations

)\2 = é \/ §Q(§ - A5§)27 )‘5 = %7 (Ag)

which when inserted into ([A.§) reproduces ([A.3). A Dirac consistency check of the primary
constraints ([A.6) (x; = 0) leads now to the secondary constraints

Xx3=-pm xa=p-§ (A.10)
and the tertiary constraint

1

(Our notation is slightly different from those in [RI]] since we want to emphasize the sim-
ilarity to the previous models.) The Poisson algebra of these constraints agree with the
algebra of the infinite spin particle obtained from the Hamiltonian formulation of its first
order Ostrogradski form in (B.9) except for the relation

a2

{x2,x3} = BERS (A.12)

which is zero for the infinite spin particle.

The gauge invariance of the original higher order Lagrangian ([A.J) may now be ob-
tained by means of the general procedure in appendix B With the ansatz G = f;x; for
the gauge generator, we find from the condition @ |x2.5=0 = 0 the expression (also here we
have two independent gauge parameters: (31 and (y)

1. . 1. 1.
G = Bix1+ <—§)\5ﬁ1 + Xofy + §ﬁ1>X2 - §ﬁ1X3 + Baxa +

L@ 54 ; A13
+<—§ 2@&%- 5ﬁ4+ﬁ4>X5- (A.13)

This G not only determine the gauge transformations for the first order Ostrogradski form

(A.3), but also of the original higher order Lagrangian ([A.Z). Within the Hamiltonian
formulation of (A.J) we have e.g.

Sat = {a, G} = Bip¥ + 5t + Bag (A.14)
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In order to be the gauge transformations for the Lagrangian (A.3) we have to insert the

equations that determine p, 7w, and {. We get (£ = &)
OL OL

Pu= g ~Orgn = aW, — a0 11,
0L
Ty = w = (XH;M
where L is given by (A.J) and where
1
Wk = (2d"(% - )% — itd?(d - &) — aMi*5?)
(@2)2 1252 (m . .’E)Q

1

" = <9‘c'“9’c2 — iH(d - x))
i2,\/7232 — (& - &)2

Notice that

1 i (@-3) 1 1
]:[2 — .5 2 = ]___[ — — — T JR—

2 Ve W @ ~2° <x>
H‘ﬂfEO, Wx:_ﬁ xzxz_(x‘x)Z,

= J7252 (5 )2 e G Y Sy X IR
1% s Vid (¢-%)2, W-Z& e 2232 — (& - &)?,
(W —8.I)- W =0, (W —8,II)-II = 0.

This implies that the Hamiltonian constraints reduce to

X2 =X3=Xa4=x5=0.
The gauge transformations obtained from (JA.14) are:
ozt = {z*, G} = Bra(W — 8, I)* + %Blaﬂ“ + Byt
Indeed, we find for the Lagrangian ((A.9)
6L =0.f, f=afsLl+ %oﬂéln? + %oﬁﬁ'ln O, 11 + ;azﬂl(—WQ + (0,11)?),

yielding the conserved quantity

1, of &2 5
g= §ﬁ1a _W + (8’7‘1—[) = G‘p,ﬂ,ﬁy

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)

where the last index means that the equations of motions has to be used to determine p,
mand €. (G is given by ([A.13) and (A.1§) is used.) The equations of motion from ([A.2)
is p = 0 with p given by (A.15). Since (A.15) implies p - & = 0 these two equations imply
p-#=0,p-7 =0 etc, which in turns implies p> = 0. Hence, the equations of motion

yield g = 0 as it should for a gauge theory. The gauge transformations in the rigid particle

model has also been treated in [2J].
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B. Some general properties of higher order theories

Here we review some general properties of higher order theories and add some of our
procedures in the text expressed in more general terms. For simplicity we only give formulas
for the most simple theory. However, their generalizations (including field theory) are
essentially straight-forward.

Consider a general Lagrangian of order N depending on one variable ¢(t) and time ¢,

N)
ie. L(q,q4,q,..., 4 ,t). It may be an arbitrary function which yields a consistent set of
equations of motion, i.e. we do not distinguish beween regular and singular Lagrangians.
A general local variation ¢ of L yields (¢ = 0,0q etc)

n) 9L L
oL = Zé(q) 0 = dq 8— — O | + Oa, (B.1)
(n) dq
=0  9yq
where
= @
a= 5qp+25Q7rn,
n=1
N-1
OL
P = (_ t)r )
—t (rJ&I)
N—n—1
. oL
Ty = (—at) m, 7’L—1,,N—1 (BQ)
r=0 2 q

Requiring 65 (S = [ Ldt the action) to depend only on the endpoints in ¢ yields the
Euler-Lagrange equations

oL
— —Op=0. B.3
dq tP (B.3)
If a special variation & yields
SL = o, f, (B.4)

then there is a conserved quantity, g, given by (Noether’s theorem)

) N1
g:a—f:6Qp+Z5Q7Tn—f. (B.5)

n=1

This follows from (B.1]) and (B.4).
In [14] Ostrogradski gave a Hamiltonian formulation of L in terms of canonical conju-

gate variables ¢, p and &, m, where the new variables &, are defined by

¢n=1q, n=1,...,N—1. (B.6)
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The Hamiltonian is then

N-1 N-2
H=|cf gp+» &mn—L| =&p+ > & +Evanmn — L, (B.7)
n=1 n=1
where the original Lagrangian is written as L(q, &1, ... ,{N_l,éN_l,t), and where mny_1 =

oL/ 85. ~N—1 eliminates § ~N—1 from H and possibly generates constraints. Note that p and
m, are independent variables here. This procedure is better formulated as a procedure
to rewrite the original N*" order Lagrangian as a first order one by means of Lagrange

multipliers [[[§, [[g]

(N)

L(q7q7d7"'7q7t)—>
. N_l .
L(g, &1, -1 En-1,t) + (& — @)+ ) Anl&n — Encr)- (B.8)
n=2

The conventional Hamiltonian Dirac analysis [[[7] applies then to this equivalent first order

Lagrangian. We find e.g. the following constraints (P, is the conjugate momentum to \;,)
PnZO, pz—)\l, 7Tn_1:—)\n, n:2,...,N. (B.9)

These are primary second class constraints which may trivially be eliminated, and when
this is done the first order Lagrangian in (B.§) becomes (cf [[[§])

N-2

L(g, &, én-1,én-1,t) + p(d — &) + Z Tn(En — Ent1)- (B.10)
n=1

which is a phase space form where one should not try to find the conjugates to p,m,
(which are ¢ and &,). The Ostrogradski Hamiltonian ([B.7) is now obtained by means of
the standard Legendre transformation of this Lagrangian. In the case that the original
higher order L is singular, one has in addition to derive the consistent set of constraints in
the usual fashion [[[7. The above procedure shows that there always exists a Hamiltonian
formulation for any higher order theory. In fact, the situation is much more general than
that: there always exists many different Hamiltonian formulations since the procedure
described here suggests a considerable extension of Ostrogradski’s construction:

There are infinitely many different ways to rewrite the original higher order
Lagrangian as a first order one by means of Lagrange multipliers, simply since
we may introduce new variables like &, in infinitely many different ways. To
each of these first order Lagrangians there is a Hamiltonian formulation. As a
consequence there is an infinite number of different Hamiltonian formulations to
one given higher order Lagrangian. Classically all these first order Lagrangians
and their Hamiltonian formulations are equivalent. Our examples suggest that
the different Hamiltonian formulations are related by canonical transformations.

We explicitly demonstrated this property for the infinite spin particle model in the text.
What we want to emphasize is that this property gives rise to a condition on the quanti-
zation:
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In the quantization of a higher order theory one may start from any of its first
order formulations. However, this quantization must be performed under the
restriction that it is insensitive to the differences in the Hamiltonian formula-
tions.

A considerable generalization of Ostrogradski’s formulation was given in section 2
of [19] (see also [P4]). There it was shown that one may choose the new variables to be
a general point transformation of the Ostrogradski variables. It was also shown that this
leads to different Hamiltonian formulations which are related by canonical transformations.
Hamiltonian formulations related by canonical transformations we also found for the still
more general formulations which we consider for the infinite spin particle model in the text.
In [[[J] the different Hamiltonian formulations were considered formally different, since they
formally yields the same path integral. However, since the path integral over the higher
order Lagrangian is not well defined we consider them to be formally equivalent in the
quantum theory. This equivalence has to be carefully investigated.

Our results in the text also suggest that the gauge transformations for any gauge
model, higher order or not, may always be obtained by means of the inverse Noether
theorem formulated in terms of a Hamiltonian formulation as follows (the generalization
to field theory is straight-forward):

Using one Hamiltonian formulation we first make a general ansatz for the gen-
eral gauge generator as a linear expression in the first class constraints:

G = o + Bixi, (B.11)

where ®,, = 0 are the primary first class constraints, and x; = 0 the sec-
ondary and higher, first class constraints with respect to the corresponding
first order Lagrangian!. «a,, and f3; are gauge parameters (arbitrary infinitesi-
mal functions). We have then to require G to be conserved which amounts to
the condition

Gle,,—0 = 0, (B.12)

where the time evolution of x; is determined by the total Hamiltonian which is
equal to the Hamiltonian plus a linear combination of the primary constraints.
The original Lagrangian is then invariant under the gauge transformations

§F = {F, G, (B.13)

where all variables not involved in the Lagrangian are removed by their Hamilto-
nian equations of motion after calculating the Poisson bracket. The correspond-
ing conserved quantity, g, in the Lagrangian formulation is then either obtained
by Noether’s theorem from the relation (B-j) or directly from the above G in
(B.11) where all variables not involved in the Lagrangian are removed by their
Hamiltonian equations of motion.

!Secondary constraints are often primary with respect to the higher order Lagrangian as may be seen
from our examples.
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For ordinary first order gauge theories this method has been used for a long time. However,
for higher order theories it is less known. (For previous treatments see [0, RJ. In [R0]
essentially this method is used.) For higher order theories one obtains the same gauge
transformations independent of which Hamiltonian formulation is used. We explicitly ver-
ified this in sections [] and f] for the infinite spin particle.
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